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Based on fully kinetic model using drift-Maxwellian distributions and taking into account the transverse
electrostatic field �TEF�, it is shown that the current-filamentation instability �CFI� grows unexpectedly with
the plasma temperature. The growth is attributed to the decreasing of the TEF as the plasma becomes hot. In
the low-temperature plasma regime where the TEF is strong, it is identified that the TEF can dominate over the
thermal pressure in suppressing the CFI. Since the TEF originates from the temperature difference between the
beam and the plasma, the plasma temperature plays a significant role for the development of the CFI and the
quasistatic magnetic fields in a hot-beam warm-plasma system. Particle-in-cell simulations verify the above
results.
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I. INTRODUCTION

As a fundamental issue, the current-filamentation instabil-
ity �CFI� or Weible instability as sometimes called �1–4�, in
a beam-plasma system has been the subject of research in-
terest for half a century. When a hot electron beam propa-
gates in the background plasma, it will induce a return cur-
rent in the plasma to keep current neutralization of the beam-
plasma system �5�, resulting in the CFI. The CFI can lead to
filaments formation in the transverse plane perpendicular to
the beam propagation direction, and generate strong quasi-
static magnetic fields. The filaments formation and magnetic-
fields generation are relevant to many problems both in labo-
ratory and astrophysical environments such as the fast
ignition scenario of laser inertial confinement fusion �6�,
laser-plasma interactions �7�, laser particle accelerator �8�,
gamma-ray burst sources �9�, active galactic nuclei �10�, as-
trophysical shock acceleration �11�, electronic pulsar winds
�12�, and even the contribution to the dark energy �13�. At
the linear stage, it has been pointed out that the collisionless
CFI can be suppressed by thermal spread �14–20�. Since the
ambient plasma temperature is usually low in reality, it was
considered to be irrelevant and negligible. Instead, attentions
were usually focused on the beam temperature, which can be
as high as thousands of keV. And it was concluded that the
CFI is mainly suppressed by the beam temperature. Recently,
it was pointed out that a temperature difference between the
beam and the plasma will result in a self-consistent electro-
static field �21�, which is in the transverse plane perpendicu-
lar to the beam drift direction. The transverse electrostatic
field �TEF� tends to raise the instability threshold and sup-
press the CFI. For the basic configuration of a hot-beam
warm-plasma system, the temperature difference between the
beam and the plasma is large and the self-consistent TEF can

be very strong. As the plasma temperature rises, the usual
thermal suppression will also increase. However, the electro-
static suppression will decrease since the temperature differ-
ence between the beam and the plasma becomes small. So
whether the CFI will be amplified or suppressed as the
plasma temperature rises still remains a question. Recently it
has been shown in the nonrelativistic case that the growth
rate of the CFI may be suppressed more than one order of
magnitude by TEF �22�. However, due to the difficulty in
handling the plasma dispersion function, the present relativ-
istic theoretical models for the CFI have either ignored the
TEF �9,18,20�, or been based upon water-bag distributions
�18,19�. They are only appropriate for the fluid limit and may
not treat the plasma thermal effect properly. Therefore, the
plasma thermal effect on the CFI is still unclear.

In this paper, we present fully kinetic investigation of the
plasma thermal effect on the collisionless relativistic CFI.
Our model is based on Vlasov-Maxwell equations and drift-
Maxwellian distribution. By using the most accurate Padé
approximation Z53 �23� for the plasma dispersion function,
we can obtain the numerical CFI growth rates at arbitrary
plasma electron temperature for the first time. We show both
analytically and numerically that the plasma temperature ef-
fect is essential for the CFI and the quasistatic magnetic
fields generation for a hot-beam warm-plasma system. A low
plasma temperature can result in large TEF, which can sup-
press the CFI more than the thermal inhibition. Therefore, in
contrast to the beam thermal effect, the CFI can grow
anomalously with the plasma temperature since the TEF be-
comes weaker as the plasma temperature gets higher. The
water-bag distribution model at this point is not proper for
the system since the CFI is fully stabilized �18,19�. Although
the beam-plasma interaction can also result in two-stream
and oblique instabilities �24,25�, the long-existent strong
quasistatic magnetic fields resulted from the beam-plasma
interaction are due to the CFI, regardless of whether it grows
faster or slower than the electrostatic instability*zmsheng@aphy.iphy.ac.cn
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�11,12,25,26�. Therefore, in this paper we mainly focus on
the plasma thermal effect on the CFI due to its importance in
fast ignition and astrophysics. For comparison, we also in-
clude the plasma thermal effect on the two-stream instability
�TSI�. It is found that the electrostatic instabilities are sup-
pressed or even stabilized as the plasma temperature rises.
This is distinctly different from the behavior of the CFI.

II. THEORETICAL MODEL

We assume the plasma is homogeneous, spatially infinite,
and unmagnetized, where the ions are fixed to form a charge
neutralized background. The beam drifts along the êz direc-
tion, and the perturbation wave vector is in the direction êx

with k� =kxêx. The perturbed fields have electromagnetic com-
ponents with E� EM =Ezêz and B� EM =Byêy, and an electrostatic
component with E� ES=Exêx. Assuming the perturbations are
in the form of exp�i�kxx−�t��, we can obtain the well-
established linearized kinetic dispersion relation

��zz − kx
2c2��xx = �xz�zx, �1�

where the dielectric tensor is defined as

�ij = �2�ij + �
�
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2
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Here ��
� = �1+ P� �

2 /m�
2c2�1/2 is the Lorentz factor, n� is the

electron density, ��= �4�n�e2 /m��1/2 is the �-type electron
plasma frequency, m� is the electron mass, and �=b , p rep-
resent the beam and the plasma components, respectively.
When �xz=0, �zz−kx

2c2=0 represents the CFI branch and
�xx=0 represents the Langmuir oscillation or ion acoustic
branch �where we have ignored the ion oscillation term since
it is typically much smaller than the thermal motion term of
the ambient electrons�. We can see that the CFI mode is
coupled to the Langmuir mode or ion acoustic mode due to
�xz and �zx on the right hand side of Eq. �1�. The TEF is
related to the electromagnetic part by Ex=−�xz /�xxEz. If �xz
�0, it will grow exponentially at the linear stage, which
tends to inhibit filamentation. For the TSI, we assume the
perturbation is in the êz direction with an electrostatic com-
ponent E� ES=Ezêz. The dispersion relation can be obtained in
a similar way:

�zz = 0. �3�

Generally, the relativistic beam should be described by the
drift Jüttner distribution �25,27�. However, it prohibits an
analytical treatment since different momentum components
become coupled via the Lorentz factor. In order to obtain
analytical results, we use a simplified relativistic drift-
Maxwellian distribution �28�

f0b =
nb

2�m�b
2�TtbTlb�1/2exp�−

Px
2

2m�bTtb
−

�Pz − Pdb�2

2m�b
3Tlb

� ,

�4�

where �b= �1+ Pdb
2 /m2c2�1/2 and Ttb, Tlb, and Pdb correspond

to the transverse thermal temperature, the longitudinal ther-
mal temperature, and the drift momentum of the beam elec-
trons, respectively. In the limit of c→�, Eq. �4� can be re-
duced to the nonrelativistic drift-Maxwellian distribution. In
the present model, the dense ambient electron component is
approximately treated nonrelativistically. Substituting Eq. �4�
into Eq. �2�, keeping to the first-order expansion of the Lor-
entz factor �b

�, setting mb=mp=m and kx=k, we can obtain
the dielectric tensor as follows:
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where Z���� is the plasma dispersion function, 	�

=	2Tt� /��m, and ��=� /k	�. The number of primes on Z
denotes the differentiation order. From the third term of Eq.
�5� we can see that the beam thermal spread can only sup-
press the drift-anisotropy �29� of the beam directly. The
plasma drift-anisotropy, as we will show later, is mainly sup-
pressed by the TEF since the plasma electron temperature is
usually low. The dielectric tensor for the TSI can be obtained
similarly by setting kz=k:
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where 
�= ���m�−kpd�� /	2k2��
3mTl�. In the limit of �
��

�1, Eq. �8� can return to the fluid limit form:

�zz = �2
1 −
�b

2/�b
3

�� − kvdb�2 −
�p

2

�� − kvdp�2� , �9�

where vd� is the drift velocity of the � type electron.

III. PLASMA THERMAL EFFECT ON THE CFI AND
THE TSI

If the beam-plasma system is weak in drift-anisotropy, the
system falls in the kinetic region �29�. In this case we have
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�����1, i.e., ��kxvt� if we assume �= i�. The plasma dis-
persion function can be expanded as Z����=−2��+ 4

3��
3

− 8
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¯+i	� exp�−��

2�. The CFI is coupled to the ion
acoustic branch, and the growth rate is

� 
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,
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where the current neutralization condition vdp=−vdbnb /np �5�
is used, and B=�b

2m /k2Ttb+�p
2m /k2Ttp, D

=
	�
	2k
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2 +Tlp/m

�Ttp/m�1.5 �. Assuming both the beam
and the background electrons are isotropic with T�=Tt�
=Tl�, and the beam is much hotter than the plasma, i.e., Tb
�Tp, Eq. �10� can be simplified to
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The drift term of the plasma electron vdp does not appear in
the numerator of Eq. �11� due to inclusion of the TEF effect.
Thus, it is the electrostatic field that mainly suppresses the
plasma’s contribution to the CFI. The maximal growth rate is
obtained as

�m �
2	6

9	�
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2vdb

2 m/Tb + �b
2��b − 1/�b
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2�vdp
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m
�3/2

,

�12�

which shows that the instability growth rate is proportional
to the temperature of the background plasma electrons. Thus,
the CFI in fact grows with the plasma temperature. Com-
pared with the beam electron temperature effect which would
suppress the CFI growth rate �16–20�, the growth of the CFI
with the plasma temperature is anomalous.

Due to the complexity of the plasma dispersion function,
there are no general analytic solutions to Eq. �1� for all cases.
Therefore we mainly focus on numerical solutions next. Fig-
ure 1 shows the maximum growth rate of the CFI numeri-
cally obtained from Eq. �1�, where we have kept to the sec-
ond order expansion of the Lorentz factor. In order to obtain
the CFI growth rates at arbitrary plasma electron tempera-
ture, the most accurate Padé approximation Z53 �23� for the
plasma dispersion function is used. It is seen from Fig. 1 that
in the case without the TEF ��xz=0�, the maximum growth
rate is suppressed by the plasma thermal spread due to the
usual thermal suppression, which is in agreement with the
fluid theory. However, when the TEF is included, the growth
rate turned to increase with the plasma temperature, which is
in agreement with our analytic prediction given above.
Moreover, the growth rate is drastically reduced compared to
the case without the TEF. The reduction can be more than
one order of magnitude in the low-temperature region. The
above results can be understood physically as follows. Gen-
erally, the forward beam current and the returning plasma
current will pinch at different rates in the resultant magnetic
fields since the beam and the plasma usually have different

thermal spread, resulting in space charge separation and the
TEF �21�. The electrostatic fields tend to balance the mag-
netic pinch force and inhibit further filamentation. As the
plasma temperature grows, the thermal suppression becomes
stronger but the electrostatic suppression becomes weaker.
Since the electrostatic suppression dominates over the ther-
mal suppression, the CFI is enhanced as the plasma tempera-
ture grows. This can be identified more clearly by the com-
parison of the CFI growth rate with and without the TEF in
Fig. 2, where the growth rate is plotted as a function of the
unstable wave numbers. It can be seen from Figs. 2�a� and
2�b� that for a typical relativistic beam-plasma system, the
CFI growth rate is reduced by a factor of 3 when the beam

FIG. 1. The maximum linear growth rate of the CFI and TSI
versus the plasma temperature Tp obtained by solving Eq. �1�,
where Tp is normalized to 1 keV. The drift velocity of the beam is
set to be vdb=0.9c, where c is the light speed in the vacuum.

FIG. 2. The typical linear growth rate of the CFI and TSI versus
the wave number k obtained by solving Eq. �1�. The drift velocity of
the beam is set to be vdb=0.9c.
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temperature is changed from 1 to 50 keV in the case without
the TEF. However, the growth rate is reduced nearly as much
as two orders of magnitude if the TEF is taken into consid-
eration. Thus, it is the TEF instead of the thermal spread
�16–20� that mainly suppresses the CFI of a hot-beam warm-
plasma system. Besides the growth rate, the unstable range is
also suppressed.

For the CFI to be enhanced by the plasma temperature,
the beam should be hotter than the plasma and the beam-
plasma system should fall in the kinetic domain. We now
explore if the TEF effect is significant in the hydrodynamic
region where �����1. In this case the plasma dispersion
function could be expanded as Z����=−��

−1− �2��
3�−1+¯ In

the nonrelativistic case, to the first order ��
−1 in the

asymptotic expansion, �xz is zero so the TEF effect is only
higher order correction to the CFI �21�. However, in the
present relativistic case, the beam electron mass is changed
from m to �bm. Thus, the first order correction is nonzero,
and the CFI is coupled to the electron Langmuir oscillation
mode. In the assumption of current neutralization, the growth
rate can be obtained if we expand the plasma dispersion
function to the first order,

� = 
�0
2 −

A2

�b
2/�b + �p

2

1

�b
2/�b

3 + �p
2 + k2c2�1/2

, �13�

where �0=k�
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2 ��p
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3+�p
2+k2c2 �1/2 is the CFI growth rate

without the TEF, A= �1 /�b−1�kvdb�b
2 /�b is the term caused

by TEF. Since �b
2 /�b� ��b

2 /�b+�p
2�, the TEF correction is

usually small in the hydrodynamic region. It is seen from
Figs. 2�c� and 2�d� that the electrostatic suppression becomes
significant by increasing the density of the plasma. A careful
check finds that in the low plasma density case, the beam-
plasma system mainly falls in the hydrodynamic region. As
the density of the plasma increases, the CFI growth rate gets
smaller, thus the beam-plasma system falls in the hybrid do-
main with ��b�1 and ��p��1, or falls in the kinetic domain
with �����1. Since the instability growth time �−1 is much
longer than the thermal response time �kv��−1, the thermal
motions become important. Therefore, the coherent electro-
static suppression becomes significant. It is also seen from
Fig. 2�c� that the growth rate and the unstable range are
greatly suppressed in the short wavelength region for the low
plasma density case when TEF is included, since the short
wavelength region has fallen in the hybrid domain or the
kinetic domain. For the high plasma density case, all the
unstable waves fall in the hybrid or kinetic domain, therefore
the TEF is so strong that the maximum growth rate is re-
duced by nearly two orders of magnitude. This will make the
magnetic fields grow more slowly.

For comparison, we have also plotted in Fig. 1 the maxi-
mum growth rates of the electrostatic TSI. It can be seen
from Fig. 1 that the TSI is generally suppressed by the
plasma thermal spread, especially in the high temperature
region, where we can see from case �b� that the TSI is even
fully stabilized by the plasma thermal spread. Compared to
the case of TSI, the CFI’s growth with the plasma tempera-
ture is anomalous. Moreover, Figs. 1 and 2 show that the
growth rates of the CFI in most cases are larger than those of

the electrostatic TSI. Therefore, the anomalous growth of the
CFI with the plasma temperature is an important property for
the hot-beam warm-plasma system. It is seen both from Figs.
1�b� and 1�d� that in the region where the plasma temperature
is ultra low, the TSI can dominate over the CFI if the TEF is
included. However, the TSI growth rates are still smaller
than the CFI growth rates without the TEF effect. Thus, it is
the TEF suppression rather than the thermal suppression that
prevents the CFI from becoming the dominant mode in this
region. This can be seen more clearly from Fig. 2, where all
the unstable waves are shown. By comparing case �a� with
case �b� and case �c� with �d�, respectively, we can find it is
due to the TEF that the CFI is suppressed to have a lower
growth rate and a smaller unstable region than the electro-
static TSI.

To compare with our analytic and numerical results, we
perform two-dimensional �2D� particle-in-cell simulations.
The beam is assumed to propagate along ẑ with the initial
distribution as Eq. �4�. The plasma ions are fixed with the
density ni=nb+np, where np=15nb. The simulation domain is
X�Y = �20.48��20.48�� with 512 cells in each direction,
where �=2�c /�p. There are 60 particles per cell per species
for all the simulations. The drift velocities are set to vdb
=0.9c and vdp=−0.06c. Figure 3 shows snapshots of the
structure of the beam filaments at the time t=20�2� /�pe�
and t=45�2� /�pe� for high-temperature plasma case with
Tp=9 keV and low-temperature plasma case with Tp
=100 eV. In Fig. 3�a� for the hot plasma case, the filaments
are clearly seen at t=20 �the maximum electron density scale
is set to 0.3np�. However, for the low temperature plasma
case, the CFI grows much slower that the filaments are not
clearly seen until t=45. The electron density in the filaments
in case �a� is twice larger than that of case �b�. We also plot

FIG. 3. �Color online� Snapshots of the evolution of the beam
filament densities during the linear and the nonlinear stage for hot
plasma Tp=9 keV �case a� and cold plasma Tp=100 eV �case b�.
Here x and y are normalized by c /�p.
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the evolution of the transverse magnetic field energies for the
above simulations in Fig. 4. It is seen that the magnetic field
grows much slower at the linear stage for Tp=100 eV,
which is in good agreement with our analytic prediction.
Later at the early quasilinear stage, the fields begin to satu-
rate at a much lower level for the 100 eV case compared to
the 9 keV case. Thus, the anomalous thermal effect should
have an important effect on the nonlinear evolution of the
CFI and the quasistatic magnetic fields.

IV. CONCLUSION

In conclusion, we have presented a kinetic calculation
showing that the current-filamentation instability and the
quasistatic magnetic fields grow faster while the two-stream
instability grows slower as the plasma temperature increases
in a hot-beam warm-cold plasma system. It is also identified
that the self-consistent transverse electric fields can dominate
over the plasma thermal spread in suppressing the CFI. De-
tailed 2D particle-in-cell simulations confirm the analytic
predictions.
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